Artificial magnetism in momentum space can be engineered from the geometrical properties of energy bands. We show that the Berry curvature acts as a magnetic field in momentum space in the effective quantum Hamiltonian of a wide-range of systems. The effective Hamiltonian is equivalent to the textbook magnetic Hamiltonian, with the roles of momentum and position reversed. This duality has important implications for research into solid-state materials, spin-orbit coupling, ultracold gases and photonic systems. We propose a simple experiment that will demonstrate the advantages of this approach and that will also constitute the first realisation of magnetism on a torus.
The Hamiltonian of a charged particle in a magnetic field is a familiar and fundamental result in quantum mechanics [1] . In condensed matter physics, this Hamiltonian serves as a basic model for electrons in atoms and solids in the presence of magnetic fields. However, the textbook magnetic Hamiltonian is only one half of the full story. In this Hamiltonian, the roles of momentum and position are inherently asymmetric; the magnetic vector potential is a function of position that re-defines the relationship between the canonical and physical momenta. Here we show that the effective Hamiltonian of a very general class of systems is a magnetic Hamiltonian in momentum space. We build on ideas from the last sixty years [2] [3] [4] [5] to discuss how the Berry curvature of an energy band acts as an artificial magnetic field with the roles of momentum and position reversed. Furthermore, we propose a simple experiment that will demonstrate the practical importance of understanding the effective magnetic Hamiltonian in momentum space. This general approach opens up new research avenues in diverse branches of physics, including ultracold gases, topological insulators, photonic systems, spin-orbit coupling and the mathematical physics of topological spaces.
Energy bands in momentum space are characterised not only by an energy spectrum, but also by important geometrical and topological properties. In recent years, these properties have been the subject of intense scientific research in many fields. Bands with nontrivial topological and geometrical properties are present in many solidstate materials [5] , but thanks to important recent advances, they can also now be created in ultracold gases [6] [7] [8] [9] and photonic systems [10] [11] [12] [13] . The topological invariants of energy bands can be used to understand the quantisation of conductance in the quantum Hall effect [14] and to classify topological insulators [15, 16] . Topological invariants are closely related to local geometrical properties of energy bands, such as the Berry curvature [4, 5] . The Berry curvature of a band can be nonzero when timereversal or inversion symmetry is broken [5] , as, for example, for electrons in a magnetic field or with spin-orbit coupling. The Berry curvature has many direct physical consequences. For example, it plays an important role in the anomalous Hall effect [3, 17] , the semiclassical dynamics of a wave packet [18] and the collective modes of an ultracold gas [19] . Berry phase effects have also been directly observed in graphene [20, 21] and bulk Rashba semiconductors [22] .
Even though it was implicitly suggested very early [3, 4] , the idea of the Berry curvature acting like a magnetic field in momentum space has so far been generally regarded as just a primitive analogy [5] . Here, we put this idea on a solid footing, demonstrating the remarkable power of this perspective and discussing some of its many consequences. We derive an effective magnetic Hamiltonian in momentum space which is of broad applicability and relevance. To illustrate our general discussion, we present two specific systems to which the effective magnetic Hamiltonian can be applied. First, we discuss two-dimensional (2D) Rashba spin-orbit coupling with a Zeeman field and an external potential, then we propose a simple experiment to study the Harper-Hofstadter model [23] with an additional harmonic trap. This experiment would be a natural extension of recent experiments in ultracold gases [8, 9] , photonic systems [12] and solidstate superlattices [24] .
The duality between the effective momentum space Hamiltonian and the textbook magnetic Hamiltonian is of great benefit to the study of both energy bands and magnetism. In particular, the energy bands of a twodimensional periodic system are defined in the 2D Brillouin zone, which has the topology of a torus. In real space, the magnetic field through a torus is quantised, counting the number of magnetic monopoles contained inside. A torus in a real space magnetic field has long been of mathematical and theoretical interest [25, 26] , but it has not previously been investigated experimentally. We show that this may now be possible, as the eigenstates of the Harper-Hofstadter model with a harmonic trap are momentum space Landau levels on a torus, for certain accessible parameter regimes. Alternatively, the effective Hamiltonian can be extended to energy bands with degeneracies, such as those in quantum spin Hall physics, graphene and topological insulators [15, 16] . The artificial gauge field in momentum space then has interesting properties; it is non-Abelian and may be connected to the Yang-Mills gauge field of high energy physics.
We begin with the general derivation of the effective magnetic Hamiltonian in momentum space. We start from the single-particle Hamiltonian, H = H 0 + W . The first part of the Hamiltonian, H 0 , is either translationally invariant or periodic in real space. For example, H 0 could refer to an electron in a crystal, an atom with spin-orbit coupling, an ultracold atomic gas in an optical lattice or light in either a photonic crystal or a lattice of coupled resonators or waveguides. The second part of the Hamiltonian, W , is a weaker additional potential. This could be, for instance, an electric field for an electron or a harmonic trap or optical superlattice potential for atoms.
The eigenfunctions of H 0 can be written as |χ n,p (r) =
|np , where |np is the energy eigenstate for band index n and momentum p, and V is a normalisation factor. If H 0 is periodic, the eigenstate is the periodic Bloch function, u n,k (r), and the momentum is the crystal momentum, k, defined in the Brillouin zone (we takeh = 1 throughout). The normalisation, V , is the number of lattice sites, N . If instead H 0 is translationally invariant, the eigenstate |np is a position-independent wave function and V is the volume of the system. For simplicity, we focus on systems in 2D, although the extension to three dimensions is straightforward.
The energy bands are described by a band structure, E n (p), and have geometrical properties encoded in the Berry connection, A n (p), and Berry curvature, Ω n (p) [4, 5] :
The additional potential, W , mixes different eigenstates, |np . The first example of this was investigated in 1959 to study the anomalous velocity of an electron in an electric field in a solid [3] . We build on these ideas to derive the effective Hamiltonian in a much more general, simple and modern context. We expand the eigenstates of the full Hamiltonian, H, as:
where ψ n (p) are expansion coefficients. For a periodic H 0 , this sum is taken over the first Brillouin zone, otherwise, the sum runs over infinite momenta. We substitute into the Schrödinger equation, i ∂ ∂t |Ψ = H|Ψ , and apply χ n ′ ,p ′ |, to obtain:
To proceed, we expand W (r) as a power series in r, and repeatedly insert the completeness relation: 1 = n p |χ n,p χ n,p |. Then we can use the identity:
which we have generalised from a previously known result [2] (Supplementary Information). We assume that the additional potential is sufficiently weak that it does not significantly mix energy bands and that the contribution from only one band n is non-negligible. A quantitative condition for this approximation will be discussed in the following. The effective quantum Hamiltonian in the single-band approximation is:
The Berry connection enters like a magnetic vector potential in momentum space, modifying the physical position as r → i∇ p + A n (p), where i∇ p = R is the canonical position [3, 17] . This is the reciprocal replacement to p → −i∇ r + eA(r); the correction of the physical momentum, p, by a magnetic vector potential, A(r), where e is the electric charge [1] . In both cases, the canonical variable becomes gauge-dependent, while the physical variable remains independent of gauge.
The duality between momentum space magnetism and real space magnetism is also transparently demonstrated by comparing the effective Hamiltonian (5) to the textbook magnetic Hamiltonian of a charged particle:
for an external potential, V (r), and particle mass, M . In particular, note that the roles of momentum and position are reversed. The energy bandstructure, E n (p), acts like the external potential V (r), while W (i∇ p + A n (p)) corresponds to the "kinetic energy". The band index n could be a spin index in the magnetic analogy. When W (r) is a harmonic trap, W (r) = 1 2 κr 2 , the effective momentum space Hamiltonian (5) is:
Comparing with equation (6), we see that the inverse trapping strength, κ −1 , is equivalent to the mass of the particle, M . Different types of external potential, W (r), are equivalent to different energy-momentum relationships in the real space magnetic Hamiltonian.
The effective Hamiltonian (5) may also be generalised to systems such as graphene and topological insulators. Instead of making a single band approximation, we could keep a sub-space of degenerate or nearly degenerate bands (Supplementary Information). The effective momentum space magnetic field then has a non-Abelian gauge structure [27] .
The anomalous velocity [3] and semiclassical equations of motion [18] follow straightforwardly from Hamilton's equations:Ṙ = ∂H ∂p andṗ = − ∂H ∂R . The velocity will be:
provided that we can either approximate the potential, W (r) as a locally uniform force [3] , or approximate the Berry curvature as locally constant in momentum space. The contribution of the Berry curvature to the velocity is analogous to the Lorentz force in magnetism. This has important experimental consequences, for example, for a particle with 2D Rashba spin-orbit coupling in a Zeeman field [5, 19, 28] . This model is relevant for real materials [28] , as well as ultracold gases, where there is great interest in creating 2D artificial spin-orbit coupling [29] . The basic Hamiltonian is:
whereσ x,y,z are the Pauli matrices, ∆ is the Zeeman field and λ is the spin-orbit coupling strength. The Hamiltonian, H 0 , has two energy bands,
, which are non-degenerate provided that ∆ is non-zero. The Berry curvature is [28] :
With an external harmonic potential, W (r) = 1 2 κr 2 , a particle in the lowest band can be described by the effective Hamiltonian (7). For λ 2 M/∆ < 1, the lowest band has a single minimum at p = 0. For a gas condensed at this minimum, the Berry curvature acts as a momentum space magnetic field, splitting the dipole mode frequencies of a trapped ultracold gas [19] (Supplementary Information). The splitting of the dipole modes can be large, and would be directly observable within current experimental capabilities [19] .
While the Berry curvature considered in equation (5) is a local property of the energy band, the global topology of the momentum space can also play an important role. In the Rashba model discussed above, the basic Hamiltonian, H 0 , is translationally invariant and the momentum p is continuous and unconstrained. However, when H 0 is periodic, the momentum is defined over the Brillouin zone, which has the topology of a torus.
It is well known that real space magnetism on a torus has many interesting properties, such as the quantisation of magnetic flux due to the presence of magnetic monopoles. In the analogy with magnetism, this is equivalent to the quantisation of the Berry curvature, integrated over the entire Brillouin Zone, in units of the Chern number: the topological invariant underlying the quantum Hall effect [14] . In the following, we propose a simple experiment to study magnetism on a torus experimentally for the first time. We investigate the eigenstates of the Harper-Hofstadter Hamiltonian [23] with an external harmonic trap; such an experiment would be a natural extension of recent advances [8, 9, 12, 24] .
In the Harper-Hofstadter model, a particle hops on a 2D lattice in a perpendicular magnetic field, B = Bẑ. Choosing the magnetic vector potential in the Landau gauge, A(r) = Bxŷ, the tight-binding Hamiltonian with a harmonic trap is:
m,n+1â m,n + h.c. (11) where H 0 is the Harper-Hofstadter Hamiltonian, J is the hopping amplitude, a is the lattice spacing and theâ † m,n (â m,n ) operators create (annihilate) a particle at lattice site (m, n). The hopping alongŷ is modified by a complex phase φ = 2παma, where α is the number of magnetic flux quanta per plaquette of the lattice. Without a harmonic trap, there is just the HarperHofstadter Hamiltonian, H 0 , and the behaviour is governed by the value of α. For rational values of α = p/q, the tight-binding band splits into q magnetic sub-bands. The energy spectrum of the Harper-Hofstadter Hamiltonian is the well-known Hofstadter butterfly [23] . The magnetic vector potential, A(r), is not periodic, and the usual translation operators do not commute with H 0 [18] . Bloch's theorem can be applied only when we define new magnetic translation operators which do commute with H 0 . For these to also commute amongst themselves, we define a larger magnetic unit cell of q plaquettes, containing an integer number of magnetic flux quanta. Then the Bloch states are magnetic Bloch states and the crystal momentum, k, is defined within the magnetic Brillouin zone (MBZ): −π/a < k y ≤ π/a and −π/qa < k x ≤ π/qa (for a magnetic unit cell of q plaquettes alongx) [18] .
We numerically diagonalise the full Hamiltonian, H, with the harmonic trap (11). The energy spectrum is shown in Figure 1 for low energies as a function of magnetic flux, α. This was calculated for κa 2 /J = 0.02 on a lattice of 21 by 21 sites. The weak harmonic potential splits the Harper-Hofstatder bands into a complicated structure first noted in Ref. 30 . Here we show that these eigenstates can be understood through the analogy between Berry curvature and magnetism.
When the single-band approximation is valid, the physics of the full system (11) is described by the effective momentum space Hamiltonian (5). We focus on the regime α = 1/q ≪ 1 so that we can make two further simplifications. Firstly, with decreasing α = 1/q, the bands flatten compared to the hopping energy J. If the bandwidth is much smaller than κa 2 , we can assume E n (k) ≃ E n . The effect of the band structure is then only 30 , but a complete interpretation was not provided.) As shown in the inset, the harmonic trap splits the lowest Hofstadter band into a ladder of toroidal Landau levels, with an equal energy spacing of κ|Ω0| = κa 2 /2πα. At increasing energies, higher bands are also split into ladders of toroidal Landau levels. As α → 0, the effective Hamiltonian breaks down and the states are those of a 2D simple harmonic oscillator on a lattice [30] .
to shift the overall energy. Secondly, when α = 1/q and q is odd, the Chern number of each band, except the middle band, is -1. For α ≪ 1, the Berry curvature of these bands is increasingly uniform, Ω n (k) ≃ Ω n . The uniform value of the Berry curvature, |Ω 0 | = a 2 /(2πα), is found by noting that the Chern number:
2 /qa 2 is the area of the MBZ [19] . Therefore for α = 1/q ≪ 1, the effective Hamiltonian describes a particle in a uniform magnetic field in momentum space, with an additional overall energy shift.
The eigenstates of a particle in a real space uniform magnetic field are the infinitely degenerate Landau levels [1] . Introducing periodic boundary conditions restricts the particle to the surface of a torus [25, 26] . Toroidal Landau levels are superpositions of the infinitely degenerate Landau levels such that the boundary conditions are satisfied. From the duality between momentum space magnetism and real space magnetism, we can deduce the properties of toroidal Landau levels in the magnetic Brillouin zone. The energy is unaffected by topology and is given by the well-known Landau level spectrum:
where β = 0, 1, 2... is the Landau level quantum number and κ|Ω n | is the analogue of the cyclotron frequency, ω c = e|B|/M . The degeneracy of toroidal Landau levels is finite and equal to the quantised number of magnetic flux quanta piercing the torus [25] . Counting the degeneracy of such states may therefore provide another experimental tool to directly measure the Chern number of non-degenerate energy bands. As shown in the inset of Fig. 1 , the lowest HarperHofstadter band is split into a ladder of equispaced states. The energy spacing of these states is in excellent agreement with Eq. 12 where |Ω 0 | = a 2 /(2πα). The result was also noted in Ref. 30 but its origin was not discussed there. These states are non-degenerate reflecting the Chern number of the lowest band. Similar behaviour is also observed for p = 1; this will be discussed in a future publication. Note that, as shown in Fig. 1 , this result only holds for sufficiently large α such that the single band approximation is valid. For smaller values of α, one recovers the energy spacing of a 2D simple harmonic oscillator on a tight-binding lattice [30] .
Looking again at the inset of Fig. 1 , one notes that at higher energies a second ladder of states cuts diagonally across the first ladder. These states can be identified as toroidal Landau levels in the second lowest HarperHofstadter band. The single band approximation requires that κa 2 ≪ (E n − E n ′ ). This is easily fulfilled for our choice of parameters: the splitting of the two lowest bands, for example, is (E 1 − E 0 ) ≃ J for α = 1/11 without a harmonic trap. The effective Hamiltonian applies to each band separately, without inter-band coupling. Increasing the energy, Landau levels of other bands also appear. However, our assumptions eventually break down: the inter-band transition energy decreases, and the Berry curvature and band structure become increasingly nonuniform.
We can also compare the form of the numerical eigenstates with those of theoretical Landau levels on a torus [26] . In the magnetic Brillouin zone, when |C n | = 1, the states are:
where H β are Hermite polynomials and N lΩ n β is a normalisation constant (Supplementary Information). The characteristic momentum scale is l Ωn = 1/|Ω n |, the analogue to the "magnetic length". Like a real space magnetic vector potential, the Berry connection is gaugedependent. In writing down this wave function, we chose the Landau gauge for the momentum space Berry connection, A n (k) = |Ω n |k xky , although we only directly compare quantities that are independent of this gaugechoice with numerics. The excellent agreement between Landau levels on a torus and the numerical eigenstates is shown in Fig. 2 , for the 9th and 48th numerical states. These correspond to the β = 8 toroidal Landau level in the first and second Harper-Hofstadter bands respectively.
Our simple proposal is well suited to experiments as the Landau levels observed are remarkably robust. According to our numerics, the basic features of the lowest energy toroidal Landau levels survive for magnetic flux up to α = 1/5 and for κa 2 /J ≃ 0.5. This gives a large parameter regime over which the properties of the effective magnetic Hamiltonian may be investigated. Importantly, these results are also very insensitive to lattice size, due to strong localisation of the low energy eigenstates in real space (Fig. 2) . This is because toroidal Landau levels are delocalised in momentum space, varying over a large characteristic momentum-scale, l Ωn . Therefore, experiments can be performed for very small lattices, which is a key technical advantage. Experimentally, a harmonic trap can be added straightforwardly to an ultracold gas by using additional laser beams and/or magnetic fields. The eigenstates of the system can be probed directly in time-of-flight measurements of the momentum distribution. In photonic systems, a harmonic potential might be created by letting the cavity size vary in space, while the momentum space wave function is measured in the far-field emitted light [12] . It is important to remember that the eigenstates depend on the magnetic gauge chosen for the Harper-Hofstadter Hamiltonian (11). However, in both ultracold gases and photonic systems, there is a preferential magnetic gauge choice inherent in the experimental set-up [8, 9, 12] .
The magnetic Hamiltonian in momentum space is the counterpart to an important textbook result. It is also applicable to many systems of current experimental interest. These also include quantum spin Hall models, graphene and topological insulators, where the gauge field becomes non-Abelian. In the future, the analogy between magnetism and energy bands should open up many new avenues of research. It also raises many interesting open questions concerning the role of interactions and the possibility of momentum-space electrodynamics.
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We note that the magnetic Brillouin zone is defined from the Harper-Hofstadter Hamiltonian without a harmonic trap [9, 10] 
and substituting them into H 0 . After simplifying the algebra, the Harper-Hofstadter Hamiltonian in the full Brillouin zone becomes [11] : 
This is not diagonal in the full Brillouin zone, as p x is mixed with p x + 2πα/a and p x − 2πα/a. However, the Hamiltonian can be made diagonal, by defining a new variable: k x = p x + j2πα/a, where j is an integer. For α = 1/q, G = 2πα/ak x is a magnetic reciprocal lattice vector for the unit cell discussed in the text, and k is the magnetic crystal momentum. Note that the choice of the new variable, k, followed naturally from the magnetic gauge of H 0 . We have deliberately picked the magnetic unit cell for which: k = p + jG. (For other choices of magnetic unit cell, this relation would not generally take this simple form.) We can then write:
where U n,k (p) is a unitary matrix that transforms eigenstates between the full and magnetic Brillouin zone. This matrix only has non-zero values for p = k − jG. Taking the inverse of Eq. 17 and applying it to Eq. 14, we have:
where ψ n (k) are the wave function coefficients in the magnetic Brillouin zone. Then it follows that:
If we make the single band approximation, and assume that ψ n (k) is only non-negligible in one band, we obtain |ψ n (k)| 2 = j |ψ(p = k − jG)| 2 . This relationship is used to calculate the numerical wave function in the magnetic Brillouin zone in the main text & below in Fig. S1 .
Further Details for Toroidal Landau Levels
Here we give further details and examples of toroidal Landau levels. As stated in the main text, for |C n | = 1, these have the form: 
translated from the theoretical Landau levels of a particle on a real space torus [12] . We note that the form of these levels depends on the Chern number and the dimensions of the magnetic Brillouin zone. The wave function obeys periodic boundary conditions and the "solenoid fluxes" are zero. The normalisation constant is: Further examples of toroidal Landau levels are shown in Supplementary Figure 1 . These are again in excellent agreement with theoretical toroidal Landau levels (20) . The importance of the topology of the space is apparent from a comparison of these states with the usual plane wave basis of Landau levels:
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where k varies continuously over infinite momenta and is not constrained to the Brillouin zone. (The Berry connection is again chosen in the Landau gauge specified in the main text). The wave functions of this basis of Landau levels are characterised by a plane wave along k y , and β nodes along k x . In the same gauge, the toroidal Landau levels have a markedly different structure (Fig. S1 c & d) . The toroidal Landau levels vary along both momenta directions, with the majority of nodes along k y .
